abstract -Saccades are the fast movements of the eyes that are used to bring a new part of the visual field to the foveal region. It is known that saccades to single targets undershoot about 90% of the hole target distance, and require additional secondary saccades to the target, it is so-called saccadic undershoot. However, the fundamental mechanism of saccadic undershoot is not known. In recent years, Harris (1995) has tried to explain it, however, his model doesn't describe the actual saccadic movement. Then, in this study, we propose a model of saccadic movement and try to explain the saccadic undershoot instead of Harris (1995) . It is suggested that saccadic undershoot can be explained as a trade-off between accuracy and flight-time. We also discuss the new view to motor development.
Introduction
In everyday life, we repeat the eye movements by method of holding and gaze-shifting movement according to the change of our interest and environment. Among these movements, saccades are known as the fast movements that are used to bring a new part of the visual field to the foveal region (Carpenter, 1977) . Saccadic trajectories tend to be stereotyped with larger movements having both longer durations and higher peak velocities, and most saccades have amplitude under 20 (Bahill et al., 1975) . For this natural range, velocity profiles tend to be nearly symmetric and similar shape .
It is known as an interesting phenomenon that saccades to single targets undershoot about 90% of the whole target distance, and require additional secondary saccades to the target. This is known as saccadic undershoot. However, the fundamental mechanism of saccadic undershoot is not known.
There are some studies that attempt to explain the saccadic undershoot (Robinson, 1973; Poulton, 1981 ; Bie, Brink and Sonderen, 1987; Kapoula and Robinson, 1986; Aitsebaomo and Bedell, 1992; Poulton, 1981; Becker, 1989) . For example, De Bie et al. (1987) suggested that undershoot may be a strategy to avoid instability. Poulton (1981) and Becker (1989) mentioned that undershoot may be an ecological strategy for saving energy or time. In response to these theories, Harris (1995) suggested that saccadic undershoot occurs in order to minimize the total saccadic flight-time, based on a simple mathematical model and Monte-Carlo simulation. This is the latest explanation for saccadic undershoot as far as we know.
However a problem with the explanation proposed by Harris (1995) is that his model didn't describe an actual saccadic movement. So even if his model can capture the features of saccade, it is too simple to explain the saccadic undershoot. Then in this study we will describe saccadic movement as correctly as possible, and we try to explain the saccadic undershoot.
This paper is organized as follows. In the next chapter, we review the explanation for the saccadic undershoot by Hariss (1995). We point out some problems of his model. In chapter 3, we propose a mathematical description of saccade based on a stochastic differential equation. In chapter 4, we show the computer simulation result of our model, and try to explain the saccadic undershoot. In chapter 5, we discuss a plausibility of our model. Moreover we discuss the new view to motor development. We propose that the saccadic undershoot may be an optimal stopping time problem.
2 Explanation by Harris (1995) Harris (1995) suggested that saccadic undershoot occurs in order to minimize the total saccadic flight-time. Let us look at his explanation briefly. First, the undershoot is better strategy than the overshoot for minimizing saccadic flight-time, because of a following explanation: it is known that there is an approximately linear relationship between saccade duration, tf , and saccade amplitude, A, for saccades over the range of 5-50 deg (e.g. Collewijn et al., 1988) .
So, as we can see in Fig.1 , if the magnitude of a primary saccade is L 1 in case of undershoot and (L 1 + L 2 ) in case of overshoot, and if the magnitude of a secondary saccade is L 2 in case of undershoot, L 3 in case of overshoot, the flight-time for an undershoot T u would be T u = (α + βL 1 ) + (α + βL 2 ), and for an overshoot T o would be T o = (α+β(L 1 +L 2 +L 3 ))+(α+βL 3 ). So the flight-time for an overshoot would be 2βL 3 longer than for an undershoot of the same magnitude. Thus the undershoot is better strategy for minimizing saccadic flight-time than overshoot. It can be also explained the reason that the number of undershoot is not large, because from equation (1) there is penalty of α for just making a saccade, so setting the gain too low would also be disadvantageous since n saccades cost at least nα, whatever their amplitudes. As a result, one undershoot is the best strategy to minimize the total saccadic flight-time. Next, in order to confirm above idea, he has simulated saccades base on some assumptions. It has assumed that the distribution of saccade error depends on the target eccentricity, and the distribution has the same shape like Gaussian, Laplace or uniform distribution. The mean (µ) is proportional to the eccentricity of the target from the first position x before the saccade is triggered, where the constant of proportionality is the gain (G : magnitude of the primary saccade ÷ target eccentricity),
Here the target point is assumed to be zero. This equation implies that as the gain is close to 1, the saccade can get to the target (Fig. 2 , position 0). The standard deviation σ is proportional to the mean distance traveled by the eye,
Based on these assumptions, he has simulated saccade with Monte-Carlo for many random parameters. First the initial position of the eye is set to x 0 = ² deg. The mean µ i and standard deviation σ i of the error distribution of the first saccade are calculated according to equations (2) and (3), and a random number was generated with the desired distribution, and yield the eye position after the first saccade, x 1 . This procedure is repeated until the eye arrives at certain distance from the target.
As a result of simulation, he has found that saccadic undershoot occurs in order to minimize the total saccadic flight-time, and two saccades (that is one undershoot) is the best strategy for minimizing the flighttime. However, as you can see, there are some problems for his model: first his model treats only one dimension, but, actually, saccadic movement is two or three dimensions. Next, even if his model can express the features of saccade, it is too simple to explain the saccadic movement, because his model doesn't describe the actual saccadic movement. Then in our study, we try to describe the actual saccadic movement, and try to explain the saccadic undershoot. Basically our model and his model have the same property of the distribution of saccade error. However, we assume some additive assumptions indispensable to our movement. 
Mathematical description of saccadic movement
It is known that there is a similarity between the trajectories of saccades and arm movement (Abrams et al., 1989). The arm movements are well described by the trajectory that minimizes the square of 'jerk' (the rate of change of acceleration) over the duration of the trajectory (Hogan, 1984; Flash and Hogan, 1985) . This property follows a polynomial as an expression of arm movement. As well as arm movement, saccadic movement can be also expressed by using polynomial ).
where x 0 represents start point, x f represents end point, and tf represents the duration of movement. Fig.3 shows the simulation result of trajectory and its velocity for 20 degree of saccade, based on equation (4) . These curves fit the saccadic movement well. Saccadic duration can be expressed as equation (1) . As an example, according to Collewijn et al. (1998) , the values for centripetal and centrifugal horizontal saccade are α = 13msec, β = 3.9msec/deg and α = 27msec, β = 2.5msec/deg respectively. But there are many different reports, so in this paper, we adopted the following values: α = 20msec, β = 2.5msec/deg. That is, tf = 20 + 2.5A.
(5)
This relation well fits to the data of . Now, we try to describe saccadic movement. It is known that saccade is distributed like an ellipse form at the end-point (Opstal and Gisbergen, 1989). This phenomenon cannot be explained by the model of Harris (1995) or equation (4) . We assume saccade as a stochastic process of two dimensions. If we stand on this viewpoint, we can regard the saccade and saccadic undershoot as following processes: first one plans and computes a trajectory to a certain target, next he moves his eyes toward the target, but since the saccade is not accurate, realized path is not straight line. This results in inaccurate endpoint. In order to avoid this result, he stops his saccade before arriving the target, and tries to re-compute the trajectory to the target. This is just an undershoot. We call this process as re-computation process. Harris and Wolpert (1998) have suggested that biological noise is important key for motor planning. They have assumed the noise as a white noise. Then, we also assume the biological noise in the saccadic movement, and the noise is white noise. If we consider a movement in continuous time, this viewpoint leads a stochastic differential equation automatically. We propose that the saccade can be described as following 2 steps
where dw represents Wiener process. tf 0 and tf 1 are determined by equation (5) . As pointed at above, it is known that saccade is distributed like an ellipse form at the end-point (Opstal and Gisbergen, 1989). We can explain this phenomenon as follows: the amount of noise in the movement direction (x-axis in Fig.4) is different from the amount of noise in the perpendicular direction (y-axis in Fig.4 ). Harris and Wolpert (1998) have suggested that this noise is proportional to motor command. It is clear that there is more amount of motor command in the movement direction than in the perpendicular direction. We can adjust the parameters in equations (6) and (7) to explain this property. In the next chapter, we simulate the saccades based on above equations, and try to explain the saccadic undershoot. (6) and (7). Each tf is calculated according to (5) , g x and g y are set as 0.4 and 0.2 respectively. Saccade duration is determined in proportion to the distance. The left is the result with no undershoot, and the right is with 90% undershoot based on equation (6) and (7). We simulate the saccades with no undershoot by using only equation (6) but the duration (tf 0 → tf 0 + tf 1 ). In the case of saccades with undershoot, we can see that the distribution of the end point becomes smaller than the case of no undershoot. This distribution well fits to the data by Opstal and Gisbergen (1989). (6) and (7) . The left is with no undershoot, the right is with undershoot.
Simulation
Next, we calculated the accuracy of saccade (that is, variances of end point) with changing undershoot point by simulation of 10,000 saccades (Fig.6 ). Fig. 6 shows the variances of y-axis. We got same curve in case of x-axis. The horizontal axis represents the undershoot point, and the vertical axis represents the distribution of end point. The undershoot at 100% means no undershoot.
This result shows that the more it stops just before the end point, the more the accuracy of saccade increases. However, Why doesn't the undershoot occur at 99.999...%? We assume that the more the accuracy increases when it stops just before the end point, on the contrary, the more some risks will also increase. Harris has suggested that the undershoot occurs in order to minimize the flight-time. Here we have calculated flight-time as J = E R T 0 dt where T = tf 1 + tf 2 (Fig.7) . We can see that flight-time increase with the late undershoot. So the accuracy increases for the late stops, but simultaneously the flight-time also increases. It implies that saccadic undershoot occur to accomplish a trade-off between accuracy and flight-time. This is an opposite result to Harris (1995) . Harris (1995) has suggested that one-dimensional model is not strange. As one basis of this suggestion, he mentioned that there is non-trivial angular spread, which has a standard deviation of about a third to a half of the radial spread (Deubel, 1987; van Opstal and van Gisbergen, 1989) , and this would be expected only to add to total sequence flight-time and lead a lower optimal gain. The question now arises: can one-dimensional model capture the saccadic movement when there is the angular spread? We suggest that angular spread is just a key which should be considered for undershoot. We propose that saccade with undershoot can be seen as re-computation process.
Discussion

Plausibility of our model
We have assumed the existence of biological noise, however, we cannot mention the detail mechanism of this noise. There are many related studies about biological noise, for example in the context of stochastic resonance (ex. Gammaitoni et al., 1998) , it is said that noise play an important role for various living things. In case of saccade, we assume that human choose a strategy of undershoot in order to avoid the influence of noise. We have also assumed the noise is a white noise, however, this assumption is ideal. So we cannot say clearly that the saccade is Wiener process.
Development of undershoot: An optimal stopping problem?
It is known that the undershoot occurs about 60% in case of human infant. We can interpret this phenomenon as the following viewpoints; According to changing of cost function, the point of undershoot also changes. And, we can consider the undershoot as an optimal stopping problem, that is, the saccade stops where a certain cost function becomes the minimum, like J(
where τ * represents the optimal stopping time. Although we don't know the exact expression of this cost function, when we calculate the linear sum of flight-time and variance of y-axis simply, we can get Fig.8 . From the upper left to the lower right, the simulation result of J = E{
dt + 100 × var} for 10,000 saccades. We can see that the optimal point of undershoot changes from about 60% to 90%. This result implies that the more one grows up, the more a penalty to an error is larger, and as a result, the more the accuracy of saccade increases. 
The new view to development
Above result is led to new views about motor development, that is, it may be regarded as development of certain cost functions. If so, where is taking charge of the role? One possible part is the cerebellum. Harris (1998) has proposed that the cerebellum takes charge of the role and the cost function changes according to the change of synaptic weights w i in the cerebellum; ∆J = ∂J ∂w 1 ∆w 1 + ∂J ∂w 2 ∆w 2 + · · · + ∂J ∂w N ∆w N .
Kitazawa (2002) has proposed a random walk hypothesis that the cerebellum optimize the goal-directed movements by a process analogous to the random walk through movement control candidates.
Another possibility is the basal ganglia. It is said that the basal ganglia plays an central role for learning in the brain (Doya 2002) . If the basal ganglia controls the physiological change corresponding to the cost function, the basal ganglia may compute a certain cost function. Although there are not enough physiological evidences, a model of stochastic control system using cost functions has been proposed (Toyomura and Omori, 2003) . It is expected to study the computational procedure of the basal ganglia.
Conclusion
In this study we propose a model of saccade and try to explain the saccadic undershoot. It is suggested that the undershoot can be explained as a trade-off between accuracy and flight-time. Moreover it is proposed that motor development may be regarded as development of certain cost functions. In the future, we need to investigate the concrete mechanism of the the role of cost functions in movement or development, by combining a theoretical model and an experiment.
